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LG1 cam doan

Luan an dugc téi hoan thanh dudi sy huéng dan ctia PGS. TS. Pham
Hoang Quan. Toi xin cam doan riang cic két qua duge trinh bay trong
luan an 1a mdi, trung thuc va chua ting dudce ai cong bo trong cong trinh
nao khac. Cac bai bao c6 dong tac gia da dudce cac dong tac gid cho phép

stt dung dé viét luan &4n nay.
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LG1 cam on

Dau tién, toi xin bay t6 long biét on chan thanh va sau sic dén Thay
huéng dan khoa hoc ciia toi PGS. TS. Pham Hoang Quan. Thay da tan
tinh huéng dan va dong vién toi trong sudt qua trinh to6i lam luan an.

Dong thoi, to6i xin chan thanh cdm on PGS. TS. Lé Minh Triét cling
cac thanh vién trong nhém nghién cttu Toan Giai tich tai Truong Dai hoc
Sai Gon vi sy hd trg, gitup do nhiét tinh trong suét qua trinh to6i hoc va
lam luan an.

To6i cling xin bay té long cdm on sau sic dén cac dong nghiép trong
Khoa Khoa hoc ting dung, Truong Dai hoc Cong nghé ky thuat Tp. HCM
vi sit quan tam chia sé va tao diéu kieén thuan lgi dé toi tap trung hoan
thanh luan an.

Ngoai ra, toi cling xin chan thanh cdm on quy Thay Co6 trong hoi dong
cham luan an Tién si da danh nhiéu thoi gian, cong stc dé doc luan an va
cho t6i nhitng 16i nhan xét quy bau dé t6i hoan thién luan an.

Cudi cuing, toi xin bay té long biét on sau sac dén gia dinh t6i, nhing
nguoi da luon quan tam, dong vién, hd trg toi vé moi mat, nhat 1a vé mat

tinh than dé toi hoc tap tot.
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Danh muc ky hiéu

x,y : Bién khong gian.

t : Bién thoi gian.

L*(0,7) : Khong gian cac ham binh phuong kha tich trén (0, 7).
H*(0,7)(s > 0) : Khong gian thang Hilbert trén (0, 7).

Uy : Dao ham riéng cap mot clia v theo bién t.

Uy : Dao ham riéng cap hai clia u theo bién .

Uy : Dao ham riéng cap hai ctia u theo bién .

(—A)*( € (0,1)) : Toan tit Laplace bac khong nguyén.

R : Tap so6 thuc.

E(X) : Ky vong ctia bién ngau nhién X.

|- || : Chuan trén khong gian L%(0, 7).



Danh muc bang biéu, hinh vé

Bang 2.1 Ky vong ctia binh phuong sai so gitta nghiém chinh héa u5(., t)
va nghiém chinh Xac Uezeer(., 1) tai cic thoi diem khac nhau tuong tng vé6i
e =0.1,0.01,0.001 va M = 100.

Bang 3.1 Ky vong ctia binh phuong sai so gitta nghiém chinh héa u5 (., y)
va nghiém chinh X4¢ Uezqet (., y) tuong tng véi e = 0.1,0.01,0.001 va M =
100.

vi



MG DAU

Bai toan ngudc cho phuong trinh dao ham riéng la mét dang bai toan
c6 nhiéu ting dung quan trong trong nhiéu nganh khoa hoc va ki thuat nhu
bai toan ngudc trong truyen nhiét, truyen séng, tan xa va xit 1y anh...Nhing
nam giita thé ky XX, cling véi viéc phat trién cac cong cu tinh toan hien
dai, cac bai toan nguoc da dudc cac nha toan hoc trén thé gidi xem xét
ma tiéu bicu 1a cac cong trinh ctia Tikhonov [48], Lions [31]. Tt dé cho
dén nay, cac bai toan ngudc ngay cang dude nhiéu nha toan hoc quan tam
do nhitng tng dung xuat phat tir thuc tién. Mot dic trung thuong gap clia
cac bai toan ngudgc la tinh khong chinh, dac biét la tinh khong on dinh
ctia nghiém. Theo Hadamard [28], ching ta c¢6 dinh nghia bai toan chinh
nhu sau:

Cho X va Y la cac khong gian dinh chuan, K : X — Y la mot anh
xa (c6 thé tuyén tinh hodc phi tuyén). Phuong trinh Kz = y dugc goi 1a
chinh néu ba diéu kién sau dugc thoa:

1. Tinh ton tai nghiém: V6i moi y € Y, ton tai x € X sao cho Kz = v.
2. Tinh duy nhat: V6i moi y € Y thi ton tai nhiéu nhat mot z € X sao
cho Kz =y.

3. Tinh on dinh nghiém: Nghiem z ciia bai toan phai phu thudc lién tuc
vao y, nghia la v6i moi day (z,) C X sao cho Kx,, — Kz khi n — oo thi
Ty — T.

Mot phuong trinh khong thoéa it nhat mot trong ba tinh chat trén goi
la khong chinh.

Tinh 6n dinh nghiém cfia bai toan ngudc 1a van dé ma cac nha toan
hoc hién nay rat quan tam. Khi mot bai toan khong théa tinh on dinh
nghiém, tit mot sai sé6 nhé trong dit lieu do dac c6 thé dan dén sai s6 rat

16n ctia nghiém tuong tng. Do d6, ching ta can xay dung nghiém xap xi
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on dinh cho bai toan ma ta goi 1a chinh héa bai todn. Vi thé, viec khao
sat tinh khong chinh va thiét 1ap cac phuong phap chinh hoéa cho cac bai
toan nguge da thu hat duge nhiéu sy quan tam clia cic nha nghién ctu
trong va ngoai nudc.

Trong thoi gian gan day, cac phuong trinh chita dao ham bac khong
nguyén da tréd nén pho bién nhd tinh tng dung ctia ching trong viéc mo
hinh hoéa céc hién tuong trong tu nhién va ki thuat ma khong thé duge
mo6 hinh héa bang cac phuong trinh c6 dao ham bac nguyén nhu mo hinh
héa hién tuong khuéch tan di thuong va mo hinh cac hé théng phic. Nho
nhitng ing dung rong rai cua né trong khoa hoc, ky thuat, tai chinh, cac
bai toan ngugc cho cac phuong trinh dao ham riéng c6 chita dao ham bac
khong nguyén da duge nhiéu nhi toan hoc quan tam nghién ciu trong
thoi gian gan day.

Trong thuc té, chung ta kho c6 dude gia tri chinh xac ctia dit lieu bai
toan vi sai s6 ndy sinh trong qua trinh do dac. Tuy nhién, do tac dong
clia moi trudng cling nhu sai s6 trong quéa trinh thu thap dit lieu dan dén
dit lieu ctia bai toan la mot dai luong ngau nhién c¢6 do léch so v6i dit lieu
chinh xac va do léch nay la mot nhiéu ngau nhién. M6 hinh nhiéu ngau
nhién gan vé6i thyc té hon va da duge st dung bdi nhieéu nha khoa hoc.
Mot mé hinh nhiéu ngdu nhién pho bién 1a nhiéu tring Gauss vi cac tng
dung da dang ctia né6 trong cac linh vic khiac nhau bao gom khoa hoc, ki
thuat va kinh té nhu hée thong dién ti, xit Iy tin hiéu, mo hinh kinh té...
Chinh vi vay, cac bai toan ngucc véi dit lieu nhiéu trang Gauss da ducc
nhiéu nha todn hoc quan tam nghién citu.

Vi nhitng phan tich trén, trong luan an ching to6i khdo sat mot sd bai
toan ngudc c¢6 chita dao ham bac khong nguyén cho phuong trinh dao ham

rieng v6i dit lieu ngdu nhien. Cu thé, ching t6i tap trung nghieén ctu hai



dang bai toan sau:
Bai toan 1: Bai toan ngudc cho phuong trinh parabolic phi tuyén
chita dao ham bac khong nguyén theo bién khong gian.
Phuong trinh dang parabolic diing dé mo ta céc hién tuong vat 1y nhu
qué trinh truyén nhiét, qua trinh khuéch tan... Mot phuong trinh dang

parabolic tuyén tinh dién hinh trong mot chiéu la
ut(x,t) — Duge(z,t) =0, (1)

trong d6 u(x,t) la nhiet do hay nong do chat tan tai vi tri 2 va thoi gian
t, D 1& heé s6 khuéch tan.

Phuong trinh parabolic bac khéng nguyén dude phat trién tit phuong
trinh parabolic ¢6 dién, trong d6 dao ham cb dién dugc thay bing dao
ham bac khong nguyén. Phuong trinh dang nay duge stt dung dé mo hinh
héa cho cac qua trinh khuéch tan di thuong, trong do6 su lan truyen cta
cac dai luong nhu nhiét, khdi lwong hodc dong luong khong tuan theo cac
quy luat khuéch tan thong thuong dugec mo tid bdi dinh luat Fick. Bai
toan nguge cho phuong trinh dang parabolic bac khong nguyén c6 nhiéu ¥
nghia trong nhiéu nganh khoa hoc, k¥ thuat, tai chinh nhu xac dinh nhieét
do ban dau clia mot vat thé trong cac vat lieu phic tap va do tham khac
nhau, xac dinh su lan truyén ctia cac chat trong cac mo sinh hoc cé hinh
dang phtic tap va do khuéch tan khac nhau, viéc do dac di chuyén ctia cac
mach nuéc ngam, xac dinh va kiém soat cac ngudn 6 nhiém trong khoa
hoc mai trusng, xac dinh phan bd dan cu tai thoi diém ban dau, phan tich
sy lan truyén thong tin hoac bién dong gia trong cac thi truong tai chinh
theo thoi gian. .. (xem [10, 19} 27, 47])

Bai toan 2: Bai toan ngudc cho phuong trinh Helmholtz phi
tuyén chita dao ham bac khoéng nguyén theo bién khong gian.

Phuong trinh Helmholtz 1a mot phuong trinh dao ham riéng dang el-
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liptic cap hai pho bién trong vat 1y va k¥ thuat, duge dat theo tén ctia nha
khoa hoc ngusi Ditc Hermann von Helmholtz. Phuong trinh Helmholtz

thuan nhat trong mién ba chiéu c6 dang nhu sau
Au(z,y, z) + k*u(z,y, 2) = 0, (2)

trong d6 A 1a toan tit Laplace, u(x,y,2) 1a ham bién do séng tai diém
(z,9,2) € R? | k14 he s6 séng.

Phuong trinh Helmholtz thuong dude st dung dé mo ta cac hién tugng
lan truyén séng nhu séng am, séng dién tit va cac loai hién tugng dao dong
khac. Cac ting dung clia n6 bao phtt nhiéu linh vite nhu vat 1y, quang hoc,
co hoc, dién tit hoc va am thanh hoc. Ngoai ra, phuong trinh Helmholtz
dong vai tro quan trong trong cac bai toan xit 1y tin hiéu va xit Iy hinh
anh.

Phuong trinh Helmholtz c6 chita dao ham bac khong nguyén la dang
phat trién ctia phuong trinh Helmholtz c6 dién trong dé dao ham co dién
dugce thay bang dao ham bac khong nguyén. Phuong trinh Helmholtz bac
khong nguyéen dude st dung dé mo hinh héa sy truyén séng trong moi
truong khong dong nhat, cac qua trinh khuéch tan di thuong va cac hién
tuong khac xay ra do hiéu tng phi cuc bo hodic tinh chat fractal clia moi
truong ma phuong trinh Helmholtz ¢6 dién mo ta khong day du. Ngoad ra,
noé con c6 ung dung trong cac linh viyc khac nhau trong vat 1y, sinh hoc, y
hoc.

Bai toan nguge cho phuong trinh Helmholtz c6 chita dao ham bac khong
nguyén da dudc quan tam nghién citu trong cac linh vire khac nhau nhu
am hoc, dia vat 1y, sinh héa, dién tit... Chang han nhu viéc xac dinh su
lan truyén am thanh trong moi trudng c6 cau tric phitc tap nhu vat lieu
x6p ho#ic mo sinh hoc, nghién cttu sy truyén séng dién tit trong moi trudng

khong dong nhat, phan tich tuong tac séng véi bé mit go ghé hoac hinh
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hoc fractal. .. (xem [11 [45] 64]).
Toéng quan tinh hinh nghién citu trong nudc va thé gidi
Bai toan 1: Bai toan ngudc cho phuong trinh parabolic phi tuyén
chita dao ham bac khong nguyén theo bién khong gian.
Cho D = (0, ), xét bai todn tim phan bd nhiét u(x,t), t € [0,7T) thoa

mén phuong trinh khuéch tan sau
w(w,t) + a(t)(—A)u(x, t) = f(x, t,u(z,t)), (x,t) € D x (0,T), (3)
v6i cac dieu kien
u(0,t) = u(m,t) =0, t €[0,7T], (4)
u(z,T) = g(x), x € D, (5)

trong d6 T > 0 1a thoi diém cudi, a(t) 14 he s6 khuéch tan phuy thuodc thoi
gian, g(x) la dt licu cudi, f 1a ham nguon nhiet phi tuyén va (—A)%(a €
(0,1)) 1a toan tit Laplace bac khong nguyén.  Trong truong hop a(t) = 1
va a = 1, bai toan (3) - (5) 1a bai toan nhiét nguge thoi gian co dién va da
duge quan tam nghién citu bdéi nhiéu nha toan hoc (xem [53, 54, 5, 6] ).
Trong [53], Dang Diic Trong va cac dong téc gia da khéo sat bai toan trong

truong hop nguon nhiét phi tuyén

U — Ugy = [z, t,u(z,t)), (z,t) € (0,7) x [0,T], (6)
u(0,t) = u(m,t) =0, t €[0,7T], (7)
w(z, T) = ¢(x), © € (0,). (8)

Cac tac gia da két hgp phuong phap tua kha nghich (QR) va phuong
phap tua gia tri bien (QBV) dé chinh hoa bai toan (6) - (8) va thu dugc
toc do hoi tu dang Holder.

Trong truong hop a = 1, a(t) # 1, bai toan (3) - (5) da duge khéo sat
béi nhiéu nha nghien ciu (xem [21], 22, 41], 42]). Trong [41], Pham Hoang
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Quan cung cong su da nghién citu bai toan sau
ue(x, t) — a(t)uge (2, t) = f(z,t, u(z,1), (z,t) € (0,7) x[0,T], (9)
u(0,t) = u(mw,t) =0, t €[0,T], (10)
u(z,T) = g(x), x € [0,x]. (

—_
—_
~—

Dé chinh hoa bai toan (9)-(11), cac tac gid da sit dung phuong phap
tua gia tri bien c6 diéu chinh va thu duge téc do hoi tu dang Holder.

Trong truong hop a(t) = 1 v a # 1, bai toan (3) - (5) cing da duge
quan tam nghién cttu nhiéu (xem [49, 66, 67, 68]). Trong [49], Le Minh
Triét va cac dong tac gid da khdo sat bai toin trong truong hgp nguon

nhiét khong thuan nhat

u(z,t) + (—A)%u(z,t) = f(x,t), (z,t) € R x[0,T], (12)
u(z,T) = g(x), x € R, (13)
xh_)ng() u(z,t) = 0. (14)

Cac tac gia da chinh hoa bai toan (12)- (14) bang phuong phap chit
cut Fourier va thu dugce toc do hoi tu dang Holder.

Trong trudng hop a(t) # 1 va o # 1, bai toan (3) - (5) da dugce nhicu
nha toan hoc quan tam nghién ciu (xem [29, 32]). Trong [32], Tra Quoc
Khanh va dong tac gid da st dung phuong phap Fourier dé chinh héa bai
toan trong truong hop khong thuan nhat trén mién khong bi chin bang
phuong phap ham loc va thu duge toc do hoi tu dang Holder. Trong [29],
Tran Thi Khiéu va cong su da st dung phuong phap Tikhonov dé chinh

hoa bai toan trén mién khong bi chin trong truong hop phi tuyén
w(x,t) + a(t)(—A)u(z,t) = f(z,t,u(z, b)), (z,t) € RYx[0,T], (15)
u(z,T) = g(z), = € RY, (16)
va thu dugde téc do hoi tu dang Holder.
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T dit lieu dau vio ¢ dude cung cap tai thoi diem cudi t = T, muc tieu
clia bai toan (3) - (5) 1a tim phan bd nhiét do u(z,t) tai cac thsi diém
trude d6 t € [0,7T). Tuy nhién, trong thuc té, chung ta kho c6 duge di
lieu chinh xac ma chi c6 dugc dit lieu nhiéu g. vé6i sai s6 dit lieu € > 0.
Trong cac nghién cttu trén, cac tac gid da khéo sat bai toan (3) - (5) trong
truong hop dit liéu ¢6 nhiéu xac dinh.

Ngoai ra, trong [33], Erkan Nane va dong téc gia da chinh héa bai toan

w(z,t) + a(t)(=A)u(z, t) = F(u) + g(z,t), (z,t) € (0,7) x [0,7],

(17)
Uz (0,t) = uy(m, t) =0, (18)
u(x,T) = up(x), x € (0,m), (19)

trong truong hop dit lieu tuan theo quy luat nhiéu ngau nhién roi rac. Cac
tac gia da sit dung mot phuong phéap tuwa kha nghich méi va thu duge wée
luong sai s6 dang Holder.

Theo hiéu biét ctia chiing t6i, hién tai c6 rat it nghien citu déi véi bai
toan (3)-(5) cho truong hgp dit lieu nhiéu tuan theo mo hinh nhiéu trang
Gauss. Vi vay, trong luan an nay, chiing t6i nghién cttu bai toan trén trong

truong hop dit liéu théa man mo hinh

g-(z) = g(x) + e(x), (20)

trong d6 € > 0 va £ 1a mot nhiéu tring Gauss.

Trén thuc té, ta chi quan sat duge hitu han hé s6 Fourier ctia dit lieu cudi

<g€; ¢n> — <g7 ¢n> + 8<£7 ¢n>7 (21)

véin = 1, N trong d6 N la s6 he s6 Fourier dugce quan sat va ¢, (r) =

\/%sin(nx).

Mo hinh nhiéu (20) 14 gan vé6i thyc té hon, mic du vay, viée chinh hoa

nghiém cia bai toan (3) - (5) v6i mo hinh nhiéu (20) sé kho khian hon vi
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nghiém ctia bai todn chia dai lugng c6 nhiéu ngau nhién. Dac biét, viéec
chinh hoéa bai toan (3) - (5) v6i mo hinh nhiéu (20) bang phuong phap chit
cut chudi Fourier chua duge ai nghién cttu vi tinh kho trong viéc lya chon
cic tham s6 chinh héa. Bang cach st dung phuong phap chit cut chudi
Fourier, chiing t6i da chinh héa bai toan (3) - (5) v6i mo6 hinh nhiéu (20)
va dua ra danh gia sai s6 gitta nghiém chinh héa va nghiém chinh xac c6
dang Holder.
Bai toan 2: Bai toan ngudc cho phuong trinh Helmholtz phi
tuyén chita dao ham bac khong nguyén theo bién khong gian.
Ching toi nghién cttu bai toan tim ham bién do séng u(x,y) thdéa méan

phuong trinh Helmholtz nhu sau

AU(SE, y) _ (_A>au($7 y) + k2u(x7 y) = f(iL’, Y, u)? ($7 y) € (07 ﬂ-) X (07 1)a

(22)
véi cac dieu kién
u(07 y) = u(w, y) =0,y € [07 1]7 (23)
u(z,1) =g(x), =€ (0,m), (24)
uy(x,1) = h(z), =z € (0,7), (25)

trong d6 (—A)*, a € (0,1) la toan tit Laplace bac khong nguyén, k €
(0,/2) 1a heé s6 séng cho trude, f(z,y,w) la ham ngudn phi tuyén. Céc
ham s6 g(x) va h(x) 1a cac dit lieu tai y = 1.

Trong truong hop a = 1, bai toan Cauchy cho phuong trinh Helmholtz

Au(z,y) + ku(z,y) = f(z,y,u), (z,y) € (0,7) x (0,1),  (26)
w(0,y) = u(m,y) =0, y € (0,1), (27)
uy(x,0) = h(x), z € (0,7), (28)

(29)

u(z,0) = g(x), = € (0,7), 29



da dugc quan tam nghién cttu béi nhiéu nha toan hoc (xem [23, 38, 39,
59, 65]). Trong [59], Pham Hoang Quan va cac dong tac gia da su dung
phuong phap tua kha nghich c¢6 diéu chinh dé chinh héa bai toan (26) -
(29) trong truong hgp thuan nhat f = 0 va thu duge toc do hoi tu dang
logarit. Trong [65], nhom tac gia Tran Quoc Viet da chinh héa bai toan
(26)- (29) trong truong hop khong thuan nhat f # 0 trén mién ba chiéu
bang cach 4p dung phuong phap ham loc tong quat va thu duge tdc do
hoi tu dang logarit.
Trong truong hop k£ = 0, bai toan Cauchy cho phuong trinh Laplace

Au(z,y) = f(z,y,u), (z,y) € (0,7) x (0,1), (30)
w(0,y) = u(m,y) =0, y € (0,1), (31)
u(z,0) = g(z), e (0,7), (32)
uy(2,0) = h(z), € (0,m), (33)

da duge khao sat bdi nhieu nhéom nghién cttu (xem [25, 136, 37]). Trong
[36], nhém tac gia Chu Li Fu da st dung phuong phap chat cut dé chinh
hoéa bai toan (30) - (33) trong trudng hgp thuan nhat va thu duge téc do
hoi tu dang Holder. Trong [25], nhom tac gid Z. Hongwu da chinh héa bai
toan (30) - (33) trong truong hop phi tuyén bang phuong phap tua gia tri
bién cai tién va thu dude toc do hoi tu dang Holder.

Trong [24], Phan Trung Hiéu cung cong sy da nghién cttu bai toan
Cauchy cho phuong trinh Helmholtz c¢6 diéu chinh trong truong hop ham

nguon khong thuan nhat nhu sau

Au(z,y) — K*u(z,y) = f(z,y), = € R,y € (0,1), (34)
uy(2,0) = p(z), © €R, (35)
u(z,0) =¢(z), r € R, (36)



St dung phuong phép chit cut, cac tac gia da chinh hoéa bai toan (34)
- (36) va thu dugc ude lugng sai s6 ¢6 dang Holder.

Trong cac nghién cttu ké trén, cac tac gid da nghién cttu bai toan (22)
- (25) trong truong hop di lieu bi nhiéu xac dinh.

Trong [40], Pham Hoang Quan cung cong su da nghién ctu bai toan

wyy(2,y) — (=A)u(z,y) — Ku(z,y) = S(u) + h(z,y), (37

(37)
w(0,y) = u(m,y) =0,y € [0,1], (38)
uw(z,1) = f(x), =€ (0,m), (39)

(40)

uy(x,1) = g(z), =€ (0,7), 40

trong truong hgp dit lieu tuan theo quy luat nhiéu ngau nhién roi rac.
Trong do, cac tac gid da st dung phuong phap hoi quy chudi lugng giac
két hop phuong phap chat cut chudi dé chinh héa bai toan (37) - (40) va
thu duogc toc do hoi tu dang Holder.
Theo hiéu biét ctia chiing t6i, cho t6i thoi diém hién tai, bai toan (22)

- (25) vdi dit ligu tuan theo quy luat nhiéu trang Gauss

(z) +e&(),

ge(r) =g
h(x) +e&(x), (41)

he(z)

trong d6 € > 0 va £ 14 mot nhiéu trang Gauss chua dude quan tam nghién
clu.
Trén thuc té, ta chi quan sat duge hitu han hé s6 Fourier bi nhiéu cia dit
ligu tai y =1
(Ge, On) = (9, Pn) + (&5 Pn),
(hes on) = (hy @) + €(E, In), (42)

voi n = 1, N trong d6 N la s6 he s6 Fourier duge quan sat va ¢, (r) =

\/%sin(nx).
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Trong luan an nay, ching toi nghién ciu bai toan (22) - (25) théa mo
hinh nhiéu (41). Bang cach st dung phuong phap chit cut Fourier, ching
toi thiét lap nghiém chinh hoéa cho bai toan va dua ra cac danh gia sai s6
gitta nghiém chinh hoéa v& nghiém chinh xac véi cac diéu kién khac nhau
trén nghiém chinh xéac.

Phan chinh ctia luan 4n dude cau tric nhu sau.
Mé dau
Chuong 1: Co s 1y thuyét.
Chuong 2: Bai toan ngudc cho phuong trinh parabolic phi tuyén chita dao
ham bac khong nguyén theo bién khong gian. Trong chuong mot, ching
toi xay dung cong thitc bicu dién nghiém clia bai toan, dua ra vi du minh
hoa cho tinh khong chinh ctia bai toan, xay dung nghiém chinh héa, danh
gia ky vong clia sai so gitta nghiém chinh héa va nghiém chinh xac, trinh
bay vi du s6 minh hoa.
Chuong 3: Bai toan ngudc cho phuong trinh Helmholtz phi tuyén chia
dao ham bac khong nguyén theo bién khong gian. Trong chuong hai, ching
to6i xay dung cong thic bieu dién nghiém clia bai toan, dua ra vi du minh
hoa cho tinh khong chinh ctia bai toan, xay dung nghiém chinh héa, danh
gia ky vong clia sai so gitta nghiém chinh héa va nghiém chinh xac, trinh
bay vi du s6 minh hoa.
Két luan

Tai liéu tham khao
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Chuong 1

CO SO LY THUYET

Trong chuong nay, ching toi trinh bay mot s6 kién thiic co ban dugc
stt dung trong luan an.
1.1 Mot s6 khong gian ham
1.1.1 Khong gian LP(D), 1 < p < oo (Xem [3])

Dinh nghia 1.1. Cho D la mét tap do duge trong R”* va ham f do dugc
tren D. V6i 1 < p < 0o, tap hgp tat ca cac ham f thoa |f]” kha tich tréen
D goi 1a khong gian LP(D) va

1711, = (/D If(:c)lpd:c>;.

Dac biét, khi p = 2 ta c¢6 L*(D) la khong gian cac ham binh phuong kha
tich trén D

Dinh 1y 1.2. Khong gian L? (D) véi chuan ||- |, duge dinh nghia nhu trén

la mot khong gian Banach.

1.1.2 Khong gian Sobolev W™?(D)(1 < p < 00) (Xem [6])

Dinh nghia 1.3. Cho tap mé D C R* k € N. Khong gian C™(D) la

khong gian gom tat ca cac ham lién tuc ma cac dao ham riéng ciia n6 dén
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cap m ciing lién tuc tren D. Ta quy uéc C°(D) = C(D) la khong gian

gom tat ca cac ham lien tuc trén D va

c>(D) = ) C™(D)

meN

Dinh nghia 1.4. Cho ham do dugc v : D — R. Dat
A={zx e D:u(zx)#0}
Khi d6, bao déng ciia A trong R* duge goi 1a gia clia u.

Dinh nghia 1.5. Khong gian C2°(D) la khong gian gom tat cd cdc ham

u € C*™(D) va c6 gia compac chita trong D.

Pinh nghia 1.6. Cho tap mé D C R* k € N. Ta dat
LL (D) ={f:D — R do dugc : f € L'(w) v6i moi w C R* théa @ la

loc

tap compac chita trong D}.

Dinh nghia 1.7. (Dao ham suy rong)
Cho f € LL.(D),a = (a1,...,a) € ZF,a; > 0 (i = 1,...,k). Ham

loc

go € Li, (D) goi 1a dao ham riéng suy rong thit « ctia f néu
/ fD%dx = (=1)" / Japd,
D D

o . . ol
v6i moi ¢ € C(D). O day, |a] = a1 + ... + o va D = az“? R
R

Dinh nghia 1.8. V6im € N, 1 < p < oo, ta dinh nghia

WmP(D)y={f e LP(D): Df € L*(D),|a|] <m},

—

véi chuan || f|[wmr(p) = <Z|a|§m HDO‘fHZEp(D))p'
Dac biét, néu p = 2, ta ki hieu H™(D) = W™%(D).
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1.1.3 Khong gian C([0,7]; X) (Xem [5])

Dinh nghia 1.9. Cho X la mot khong gian Banach v6i chuan ||| . Khong
gian C([0, T]; X) 1a khong gian gom tat ci cac ham s6 lien tuc w : [0, 7] —
X v6i chuan

[ulloqo.x) = sup [Ju®)]x < oo
0<t<T

1.1.4 Khong gian Hilbert (Xem [7])

Dinh nghia 1.10. Cho H la mot khong gian vecto v6i K = R.
Anh Xa
(-, y:HxH—=K,

ducc goi 1a tich vo hudng trén H néu

i) (x,y) = (y,x), v6i moi z,y € H,

i) (x+y,z2) = (x,2) + (y, 2), v6i moi z,y,z € H,

iii) (ax,y) = a(z,y), véi moi z,y € H, véi moi a € K|

iv) (x,z) > 0, v6i moi x € H va (z,x) = 0 khi va chi khi z = 0.

Khi do6, (x,y) dugc goi 1a tich vo huéng clia hai vecto x va y.

Bay gio, ching ta dat ||z = \/(z,2), véi moi x € H thi (H,|-|) la
mot khong gian dinh chuan. Chuan [|-|| nay 1a chuan cdm sinh béi tich vo
huéng (-, -) trén H.

Cho H la mot khong gian vecto véi tich vo huéng (-, -) va chuan cam
sinh ||-||. Khi d6, ta goi H 1a khong gian Hilbert néu (H, ||-||) 1a khong gian
Banach.

Dinh 1y 1.11. Cho H la mot khong gian Hilbert v6i tich vo huéng (-, -)

va [||| 1a chuan sinh béi tich vo6 huéng (-, -). Khi d6

i) [z, )| < |lz| ||ly||, v6i moi z,y € H (Bat dang thiic Cauchy - Schwarz),
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i) lo £yl* = 2| + lylI* £ 2 (2, y), v6i moi z,y € H,

i) [l2 -+ g2+ 1o — gl = 202 + 2], v0i moi 2,y € H (Ding thit
hinh binh hanh).

1.2 Chudi Fourier va toan ti Laplace bac khong
nguyen

Dinh nghia 1.12. (Xem [7]) Cho H la mot khong gian Hilbert véi tich
vo huéng (-,-). He {gbp}p€Z+ C H dugc goi 1a mot hé truc chuan néu

1 néup:q P 4
= T ’ 0] 7.
<¢pa¢q> { 0, néup;«éq, VOl p,q €

Dinh nghia 1.13. (Xem [7]) He truc chuan {@,} ;. goi la day dit néu
véi f € H, ta co

Dinh nghia 1.14. (Xem [7]) Cho ham v € H, v6i hé tric chuan {op} ez
ta dat
u, = (u, ¢,) ,Vp € Z7.

Khi do Z;il u,®, dude goi la chudi Fourier ctia u tng v6i hé truc chuan

{¢p}p€Z+'

Dinh ly 1.15. (Xem [7]) Cho {¢,} ;+ 1a mot he tric chuan trong khong
gian Hilbert thyc H. Khi d6 ciAc ménh dé sau 1 tuong duong

i) {@p},ez+ 12 he truc chuan day dd,

i) Vu € Hyu =32 (u, ) ¢p, (khai trien chudi Fourier),

i) Yu € H,|Jull3 = Y22, ¢, v6i ¢, = (u, ¢p), (dang thiic Parseval).

Dinh ly 1.16. (Xem [7]) Heé luong giac {(;Sp(x) = \/gsin(p:v)} Z+1a he
pe

tric chuan day du trong L2(0, 7).
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Bo dé 1.17. (Xem [18]) Cho {\,}, . 12 céc tri riéng clia todn tit Laplace

d2
——— va {¢n(2)},,cn 12 cac vecto riéng tuong ting théa man
d2
_?¢n(x) = An¢n(x)7$ € (077‘-)7
gbn(o) - gbn(ﬂ—) = 0.
Khi do,

Ap = n? va ¢ (z) = \/gsin(nx). (1.1)

Chu ¥ réng {¢n ()}, 12 mot co sé truc chuan cia L*(0, 7).

Dinh nghia 1.18. (Xem [26]) Cho v € L?(0, 7). V4i mdi a > 0, toan
ti Laplace bac khong nguyén duge dinh nghia béi

(=A)*v(z) = 3 n**(v, dn)Pu(2),
trong d6 ¢, (z) dugc cho trong Bo dé 1.17.

Dinh nghia 1.19. (Khong gian thang Hilbert) (Xem [26]). Véi s > 0 va
¢n(x) duge cho trong Bo dé 1.14, khong gian H*(0, 7) dude dinh nghia 13

H?(0,7) = {v c L*(0,7) : Zn2s (v, o) |* < oo} :

n=1

va

0]

1/2
Hs(0,m) — (ZTLQS v gbn ) .

Chu y rang H*(0,7) 1a mot khong gian Hilbert dugce trang bi tich vo

huéng

<f g Hs(0 Zn% f an <97 ¢n>
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1.3 Mot sb kién thic xac suat va théng ke
1.3.1 Bién ngiu nhién - Him mat do (Xem [8])

Dinh nghia 1.20. Cho Q 1a4 mot tap khac 0, cho F 1a tap cac tap con
cta €. Ta néi F 1a mot o - dai s6 khi

a)eF, QeF,

b) Néu A € F thi Q\A € F,

c) Néu Ay, Ay, ... € Fthil,_, A, € F.

Dinh nghia 1.21. Cho 1 tap khac ), cho F 1a o-dai s6 trén Q. Do do
xac suat P 1a mot ham bién moi tap A € F thanh mot s6 thuoc [0, 1], ky
hiéu la P(A). Ta ¢6

a) P(Q) =1,

b) (Cong tinh dém duge) Néu véi moi Ay, As, ... € F sao cho A;NA; = ()
v6i moi ¢ # j thi

oo

UAJ' - ZP(AJ)

a (2, F,P) goi la khong gian xac suat.

Dinh nghia 1.22. Cho bién ngau nhién X : Q — R x4c dinh trén khong
gian xac suat (2, F,P). Gid st rang ton tai ham kha tich f : R — [0, 00)
sao cho

ngxgm:/V@ﬁ

Khi d6 X 13 mot bién ngau nhién lién tuc. Ham f 1a ham mat do xac suat
cua X.

Ham phan phdi xac suat tich liiy F(z) ctia X dugce biéu dién dusi dang

/ £(t)



Dinh ly 1.23. Ham mat do xac suat thda man tinh chat sau

a) f(x) > 0 v6i moi x € R,

b) f(z) = F'(z) tai moi diém lien tuc cta f(z),
c) m<X<b [P f(x)dx
d) [T f(z)dr = 1.

1.3.2 Ky vong - Phuong sai - Hiép phuong sai (Xem [8])

Dinh nghia 1.24. Cho X 13 mot bién ngau nhién trong khong gian xac
suat (9, F,P). Ky vong clia X 1a

:/m@ﬂ@<m
Q

Dinh nghia 1.25. K¥ vong cho ting loai bién ngau nhien X dugc dinh
nghia nhu sau

a) Gi& st bién ngau nhién rdi rac X nhan hitu han cac gia tri z1, 2o, . . ., Ty,
v6i cac xac suat tuong tng 1a pr, pa, ..., p,. Khi d6, kv vong cia X, ky
hieu 14 E(X), 1a s6 xac dinh béi biéu thic

X)=> zp;.
j=1

b) Néu bién ngdu nhien X nhan vo han dém dugc cac gia tri xq, s, . ..
2,0 e , A - N o N 2 2
véi cac xdc suat tuong ing pi,pa,... va Y7, |2/ p; < oo, thi tong cla

chudi .
j=1
duge goi la ky vong cua X.

Dinh nghia 1.26. Hai bién ngiu nhien X,Y : Q — R dugc goi la doc
1ap khi va chi khi

P(X €AY eB)=P(X e AP(Y € B),
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v6i moi A, B € B(R), trong d6 B(R) la o-dai s6 Borel trén R.

Dinh nghia 1.27. Cho X 13 mot bién ngau nhién trong khong gian xac
suat (Q, F,P) ma trong d6 cac gia tri ky vong xac dinh. Phuong sai hay

con goi la do phan tan cua X, ky hiéu la
Var(X) =E [(X —EX)?].

Do léch chuan ctia X 1a

o(X) =4/ Var(X)

Dinh nghia 1.28. Cho X,Y 1a hai bién ngau nhién trong khong gian
xac suat (2, F,P). Gia st E(X),E(Y), Var(X) va Var(Y') hitu han. Hiép

phuong sai cia X va Y la
Cov(X,Y) =E[(X —E(X))(Y —E(Y))].
1.3.3 Luat phan phéi chuan N (y,0?) (Xem [8])
Dinh nghia 1.29. Bién ngiu nhién X dugc goi 1a tuan theo luat phan

phéi chuan véi tham s6 p va o2, ky hieu la X ~ N (,u, 02) néu X c6 ham

mat do
1 _(z—w?

o\ 21

flz) =

Bién ngau nhien X ~ N (p,0?) ¢6 ky vong E(X) = p va phuong sai
Var(X) = o2,

Dinh nghia 1.30. Ta c6 cac dinh nghia sau
a) Khi tham s6 g = 0 va 0 = 1 thi luat phan phdi N(0,1) duge goi la
luat phan phéi chuan tac.
b) Ham mat do ctia phan phoi Gauss ky hieu la
1 22

e 2.




c) Ham phan phéi tich Iy Gauss ky hieu la
o(x)
)
va ¢ tinh chat ¢(—x) =1 — ¢(z).
1.3.4 Khong gian ham ctia cac bién ngiu nhién (Xem [43])

Dinh nghia 1.31. Cho (Q, F,P) 14 mot khong gian xac suat va D € R”
la mot tap do duge . Khong gian Bochner duge dinh nghia 1a

L2(Q, [X(D)) = {v . Q= LX(D) do duge v E |[v][2p) < oo} ,

/ 2
||UHL2(Q,L2(D)) =/ E HUHL2(D)-

Dinh nghia 1.32. Ta dinh nghia cac khong gian dinh chuan

va

NV = {v 1[0, 7] — L*(2, L*(D)) do dugc va sup \/E (. Ol < oo} ,

0<t<T

v6i chuan

Iollv, = su VRl Ol

i)V = {v 1 [0,1] — L*(Q, L*(D)) do dugc va sup \/E v, )H%Q(D) < oo} :

0<y<1

v6i chuan

Iolly = s VR )00,

1.4 Bai toan ngudc véi dit lieu ngau nhién
1.4.1 Bai toan khong chinh (Xem [28])

Dinh nghia 1.33 (Tinh chinh). Cho X va Y la cac khong gian dinh
chuan, K : X — Y la mot 4nh xa (c6 thé tuyén tinh hoac phi tuyén).
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Phuong trinh Kz = y dudc goi 1a chinh theo nghia Hadamard néu ba diéu
kién sau dugc thoa:

1. Tinh ton tai nghiém: V6i moi y € Y, ton tai € X sao cho Kz = v.
2. Tinh duy nhat: V6i moi y € Y thi ton tai nhiéu nhat mot z € X sao
cho Kz =y.

3. Tinh on dinh nghiém: Nghiéem z ctia bai toan phai phu thudc lién tuc
vao y, nghia la v6i moi day (z,) C X sao cho Kx,, — Kz khi n — oo thi

xn %x.

Bai toan khong thda it nhat mot trong ba tinh chat trén goi 14 bai toan

khong chinh.

1.4.2 Bai toan ngudc tuyén tinh véi nhiéu ngau nhién (Xem
[14])

Cho H va G la hai khong gian Hilbert tach duge va A : H — G 1a mot
toan t1t tuyén tinh bi chan. Cho € : G — L*(Q, F,P) 13 mot toan tit tuyén

tinh va E[{(g)] = 0, E[£(91)€(g2)] = (g1, 92) v6i moi g, 1,92 € G. V6i
muc nhiéu € > 0, dit liéu quan sat duge xac dinh béi

Y(g) = (Af,9) +€(9), g € G.
Déi v6i co s6 trie chuan {p,} ciia G, mo6 hinh hé s6 1a
Yy = (Af, on) + €n,
trong d6 &, = £(¢,) 1a bién ngau nhién c6 phan phdi chuan tac.

Dinh nghia 1.34. Cho u € L?(D) la ham chinh xac va @ € L*(Q, L*(D))
14 mot u6e luong ngau nhién ctia u. Sai s6 trung binh binh phuong tich
phan (Mean Integrated Squared Error-MISE) duge xac dinh béi

MISE(i, u) := E (Ha - uH%Q(D)) .
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Dinh nghia 1.35. Cho H 1a mot khong gian Hilbert. Ta néi rang £ 1a mot
nhiéu trang Gauss trong H néu Cové = I va cac bién ngau nhién dugce sinh
ra déu tuan theo phan phdi Gauss, nghia la: véi moi g; € H, cac bién ngau
nhién (€, g;) déu c6 phan phéi chudn N(0, ||g;||*) va E ((€, g1) (€, g2)) =
(91, g2)-

B6 dé 1.36. Cho ¢ 13 mot qua trinh nhiéu tring trong mot khong gian
Hilbert H va {¢,} 1a mot co 86 tryc chuan trong H. Cho &, dinh nghia
b6t &, = (£, dp). Khi d6 {£,} 1a mot day bién ngdu nhien doc lap va ¢
ciing phan phéi chuan tic.

1.5 Dinh 1y anh xa co va mot s6 bat dang thic

Dinh ly 1.37. (Dinh 1y anh xa co)(Xem [2]). Cho X la mot khong
gian Banach v6i chuan ||.|| -, M 1a mot tap hop déng trong khong gian X,

anh xa f: M — M duodc goi 1a 4nh xa co néu ton tai 0 < k < 1 sao cho

[f(21) = fz)llx < K |lz1 — 22l

v6i moi o1, z9 trong M. Khi d6, ton tai duy nhat mot diem bat dong cla

f, nghia 1a ¢6 duy nhat phan tit zg € M sao cho f(xy) = xy.

Bo dé 1.38. (Bat dang thitc Holder)(Xem [3]). Cho f, g do dugc trén
mot tap do duce I C Rk,%—ké =1,1<pqg<oo. Néu feLl(l)gc€

L9(T) thi | |
[ sz < ( / \f\pda:)p ( / |g|de)q,

HfQHLl(I) < HfHLP(I)HQHLq(I)-

hay
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B6 dé 1.39. (Bat dang thitic Grénwall) (Xem [7]). Cho f(¢) 1a ham
khong am, lien tuc trén [0,7]. Néu
T
£6) <b+ k/ £(s)ds.
t
véi k,b > 0 thi

f(t) < bk T,

Bo dé 1.40. (Xem [50]) Cho z € [0,1],7 > 0, ta c6 cic bat ding thiic

sau
i) cosh(zzx) < e**,

ii)

sinh(zz)

IA

€
T

23



Chuong 2

BAI TOAN NGUQC CHO

PHUONG TRINH PARABOLIC
PHI TUYEN CHUA DAO HAM

BAC KHONG NGUYEN THEO
BIEN KHONG GIAN

2.1 Gié6i thiéu bai toan
Trong chuong mot, ching toi khao sat bai toan tim phan b6 nhiét u(x, t)
théa man phuong trinh khuéch tan phi tuyén sau
w(,1) + a(t)(— A u(e,t) = flotule, 1)), (2.0) € D x (0.T), (2.1
véi cac dieu kién
u(0,t) = u(m,t) =0, t €[0,7T], (2.2)
w(z,T)=yg(x), z €D, (2.3)

trong d6 D = (0,7), T > 0 1a thai diém cudi, a(t) 1a he s6 khuéch tan phu
thuoc thoi gian, g(x) 1a di lieu cudi, f(x,t,u) la nguon nhiet phi tuyén va
(—A)*(a € (0,1)) 1a toan tit Laplace bac khong nguyén.

Chung t6i nghién cttu bai toan trén trong truong hop dit lieu thoa méan
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mo hinh
g&(x) - g(x) + 5£(I)7 (2'4)

trong d6 ¢ > 0 la cuong do nhiéu va £ 14 mot nhiéu trang Gauss. Trén

thuc té, ta chi quan sat dugc hitu han hé s6 Fourier ctia dit liu cudi

<gf:'7 ¢n> — <g7 ¢n> + 8<£> ¢n>7 (25)

v6i n = 1, N trong d6 N 1 s6 hé s6 Fourier dugc quan sit va ¢, (z) =
\/% sin(nx).

Noi dung chii yéu cia chuong hai gdm ba phan. Trong tiéu muc 2.2, chiing
toi sé thiét 1ap dang nghiém ctia bai toan (2.1)-(2.3) va dua ra vi du minh
hoa cho tinh khéng chinh ctia bai toan. Trong tiéu muc 2.3, chiing t6i chinh
hoéa bai toan bang phuong phap Fourier va dua ra ciac danh gia sai s6 gitta
nghiém chinh héa va nghiém chinh xac. Trong tiéu muc 2.4, ching toi dua
ra mot vi du s6 dé minh hoa cho phan 1y thuyét.

Két qua ciia chuong hai da dudc cong bd trong bai bao

[A1] Pham Hoang Quan, Nguyen Quang Huy, Le Minh Triet, Luu Hong
Phong, The backward problem for the nonlinear space-fractional diffusion

equation with Gaussian white noise, Kyungpook Mathematical Journal

2025; 65(4); 639-667.
2.2 Dang nghiém cta bai toan (2.1)-(2.3)

Tit day trd di, ta ky hieu ||-|| thay cho chuan [ 22y -

Trong chuong hai, ta can mot s6 gia thiét sau
(H1): a(t) 1a ham lien tuc sao cho 0 < p < a(t) < ¢,Vt € [0,T].
(H2): Ham s6 g(z) thuoc L*(D).
(H3): Ham nguon f : [0, 7] X [0,7] X R — R théa méan

|f(x,t,u) - f(il?,t,?))‘ < K|U_U‘7
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véi K > 0 doc lap véi z,t, u, v.

Dinh ly 2.1. Gid st cac gid thiét (H1) - (H3) dugc théa. Néu bai toan
(2.1) - (2.3) c6 nghiem trong C([0,T]; L*(D)) thi nghiém ctia bai todn
duoc cho bdi

00 T
u(z,t) = Z {e”Qa(F(T)_F(t))gn — /1t e”M(F(S)_F(t))fn(u)(s)ds} sin(nz),

n=1
(2.6)
trong do

%/g(:{:) sin(nz)dz,
0

s

fa(u)(s) = %/f(:z:,s,u(a:, s)) sin(nx)dz,

gn =

F(t) = j a(s)ds.

Trong tiéu muc 2.3, ching toi sé trinh bay mot phuong phap chinh héa

cho bai toan.

2.3 Phuong phap chinh héa chat cut Fourier cho
bai toan (2.1)-(2.3)

Dé bo trg cho viéc chiing minh céc két qua chinh, ching to6i stt dung bo

de sau

B6 dé 2.2. Choe € (0,1), s > 0vag € H¥(D). Cho gn () € L*(2; L*(D))

nhu sau
N(e)

gne) (@) =) (g, bn) ().

n=1
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Khi do, ta co

1

Ellgve = 9lI* < N () + 5y o

2
(D) (2.7)

O day N phu thudc £ va théa man lim N(e) = +o0.

e—0

2UF(T)-F(t)) n?e(F(s)—F(t

Chung ta thay rang e" va e () khi n dt 16n 1a nguyen
nhan gay ra tinh khong on dinh nghiém ctia bai toan ban dau. Vi thé, dé
xay dung nghiém xap xi on dinh ctia bai toan, ching t6i st dung phuong

phéap chat cut Fourier dé dua ra nghiém chinh héa nhu sau

BN (g)

Z [e ))(QN( ))
T 2c

B / o2 (F(s)=F (1)) fn(uﬁv(d)(s)ds} sin(n), (2.8)
t

trong d6 By la s6 nguyén duong théa méan hr% By(s) = 0.
e

Dinh ly 2.3. Gid s cdic gid thiét (H1) - (H3) dugc théa man. Cho € €
(0,1), >0, T >0 va g € H(D). Cho N(¢), gn() nhu trong Bo dé 2.2.
Khi dé, phuong trinh tich phan (2.8) cé nghiém duy nhat Uy € V1.

Tiép theo, ching toi dua ra cac danh gia ky vong clia sai s6 gitta nghiém
chinh héa va nghiém chinh xac dudi cac dieu kién khac nhau.

Dinh 1y 2.4. Gid st rang cdc gid thiét (H1) - (H3) dugc théa man. Gid
< M . Goiu la nghiém

st rang ton tai s > 0 va My > 0 sao cho
chinh zdc cia bai toan (2.1) - (2.3) va U (o) la nghzem chinh hoa tuong

tng vdi dit lieu nhicu gy (). Gid si ton tai P, > 0 sao cho
Z un (D) 0 < Py, Ve € [0,T]. (2.9)
Khi do, ta co

Uy(e) (- 8) —ul.st)

< PR Tt ¢ € 0,T], (2.10)

‘ ‘ 2 4spt
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trong dé Py = 4(1 + M? + 5w Py).

Dinh ly 2.5. Gid st cic gid thiét (H1) - (H3) dugc théa man. Gid si rdng

ton tai s > 0 va My > 0 sao cho ||l gopy < M1 . Goiu la nghiém chinh
wac ciia bai todn (2.1) - (2.3) va ufy, la nghzem chinh héa tuong ing vdi

dit lieu nhiéu gy(y. Gid si rang ton tai Q1 > 0 sao cho

< vt € [0, T].
H )) H2e(D) — Ql’ [ ’ ]
Khi do, vdie € (0,1), ta co
2 9 1 -2
E ’ Uy (o) (1) — u(,t)” < MoK T(T=Y) (111 <—>> ,te]0,7T](2.11)
5

-2
trong do M2:4(1+M12+Q% <(29—|—1)2W) ) '

Dinh ly 2.6. Gid st cic gid thiét (H1) - (H3) dugc théa man. Gid si rdng

ton tai s > 0 va My > 0 sao cho ||gll gopy < M1 . Goiu la nghiém chinh
wac ciia bai todn (2.1) - (2.3) va ufy, la nghzem chinh hoa tuong dng vdi

dit liew nhiéu gy (.. Gid sit rang ton tair > 0 va Q2 > 0 sao cho

D A |y (1] < Qs VE € [0, T,

Khi do, ta co danh gid

4s(pT+qt)

2
u(}:\f(g)(‘) £) —ul., t)H < M3€2K2T(T—t) (5(29+1)(P+q T 52s+1)T(p+q)) ,t € 10,77,

E|
(2.12)

trong dé Mz = max{4(1 + M?),4Q-}.

2.4 Vi du minh hoa

Chung toi xét bai toan tim wu(z,t) thoa man

(x,t) + a(t)(—A)*u(z,t) = f(z,t,u), (x,t) € (0,7) x[0,1],

(2.13)
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1( t+0.2) va

trong d6 a = 0.6, a(t) = 0

U 2
flz, t,u(z,t) = (dat* ™ + 1—0)et sin(z) + mu(:{; t),

g(z) = esin(z),

Flt) = / a(s)ds = %(0.5# +0.26).
0

Nghiém chinh xéac cta bai toan (2.13) la

Uegact(T,1) = et sin(z).

Ta chon cac tham s6 chinh hoéa
N =[N(e)] = [e7] va By = [By()] = [In(2)] -
Xét dit lieu nhiéu

() = esinfa) + 3 (€, 0n) ().

trong do6 ¢, (x) = \/gsin(nx) va (€, ¢p,) 1a cac bién ngdu nhien c6 phan
phoi Gauss vdéi trung 7]Toinh bing 0 va phuong sai bang 1.

Trong phan mém MATLAB, dé khéi tao bo s6 ngau nhién c6 phan phoi
chuan, ta st dung ham randn(.).

Tt (2.8), ta c6 nghiém chinh héa théa

Bn 1

uy(z,t) = Z {G”Q(X(F(l)_F(t))(gN)n—/ e”QQ(F(S)_F(t))fn(uf\,)(s)ds} sin(nz),

n=1 t

trong do

) sin(nx)dz,

fn(u

x, s,usy)(s)sin(nx)dz.

=
-

29



Bay gio, ta chia nhé doan [0,1] thanh 10 doan con béi 11 diém

tj="2——j=1,2.11

10

Dt 1an luot e = 0.1, = 0.01,¢ = 0.001.

Cho cac gia tri khac nhau cua e, chung t6i tinh toan ky vong cua sai
s6 gitta nghiéem chinh héa v nghiém chinh xéac tai thoi diém tj, ky hiéu
béi E ||ufy (-, 1) — Uesaet (-, tj)HQ. Dé lam dugc viée nay, ching toi lap mot
mau théng ké véi kich ¢ mau 1a M = 100. Cu thé, & lan moé phéng thi
k (k= 1,2,..100), ky hiéu ufy (., t;) la nghiem xap xi clia Uegqact(-, t;).
V6i mbi gia tri ciia €, dé tinh toan uNk( ;), ching toi st dung phép lap

P1card nhu sau

U’EO(':U t; ) - 07
K e (F(1)-F(t,)
) U57q($7tj) - zl [6 ! (gN)n
__1"6 DEOD f (g1 (2,15)) (5)ds | sin(na),
vdl q=1,2,3,.

Phép lap dugc thuc hién va dung lai tai gy khi

HUE,(IO('at]) us,qo 1( )H < 10~ 5

~ IEN 2 £ 2 e N ~ N 2 . £ .~
Bay gio, ta chon wu.g, de xap xi uy, va tinh ky vong cua sai so gitta

nghiém chinh héa v nghiém chinh xac tai thoi diém ti,7=12,...11

Elluc (. t:) — NP ~ i X
HUN(-a ]) uewact(-a ])H ~ Z
M \;=

uf\f,k('at ) uexact H )

Két qua tinh toan ciia ching toi duge mo ta trong Bang 2.1 dudi day.
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2
E ||U§V(, t) — uexact('v t)”

t,e e=20.1 e =0.01 e = 0.001

t=0 3.3278e¢ — 02 5.1536e — 03 4.4474e — 03
t=0.1 3.2502¢ — 02 4.2647e¢ — 03 3.0942¢ — 03
t=0.2 3.1817e — 02 3.0336e — 03 2.8968e — 03
t=0.3 3.1175e — 02 2.9109¢ — 03 2.3071e — 03
t=0.4 3.0561le — 02 2.3769¢ — 03 1.8058e — 03
t=0.5 2991e— 02 1.9170e — 03 1.3784e — 03
t=0.6 2.9365¢ — 02 1.5162e¢ — 03 1.0108e — 03
t=0.7 28765e — 02 1.1585e — 03 6.8795¢ — 04
t=0.8 2.8154e — 02 8.2836e — 04 3.9687¢ — 04
t=0.9 2.7555e — 02 5.2521e — 04 1.4165e — 04

t=1 2.7077e — 02 3.2072¢ — 04 2.8998e — 06

Bang 2.1. Ky vong ctia binh phuong sai s6 gitta nghiém chinh héa u5 (., t)
va nghiém chinh Xac tezqet(-, t) tai cac thoi diém khac nhau tuong ting véi

e =0.1,0.01,0.001 va M = 100.
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Chuong 3

BAI TOAN NGUQC CHO

PHUONG TRINH HELMHOLTZ
PHI TUYEN CHUA DAO HAM

BAC KHONG NGUYEN THEO
BIEN KHONG GIAN

3.1 Giéi thiéu bai toan

Trong chuong ba, ching t6i nghién ctu bai toan tim ham bién do séng

u(z,y) théa man phuong trinh Helmholtz phi tuyén sau

Au(z,y) — (=A)u(z,y) + Ku(z,y) = f(z,y,u), (z,y) € (0,7) x (0,1)

(3.1)
véi cac dieu kién
u(ov y) = u(w, y) =0,y € [07 1]7 (32)
u(z,1) =g(z), xe€(0,m), (3.3)
uy(z,1) = h(z), ze€(0,m), (3.4)

trong d6 (—A)* a € (0,1) 1a toan t Laplace bac khong nguyén , k €
(0,4/2) 1a heé s6 séng cho trude, f(z,y,w) la ham ngudn phi tuyén. Céc

ham s6 g(x) va h(x) 1a cac dit lieu tai y = 1.
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Ching t6i nghién citu bai toan (3.1) - (3.4) trong trudng hop dit liu tuan
theo quy luat nhiéu trang Gauss

g:(x) = glz) + £6(a),
he(x) = hiz) + &(a), (3.5)

Trén thuc té, ta chi quan sat duge hitu han hé sé Fourier bi nhiéu cta dit
licu taiy =1

<957 ¢n> = <97 ¢n> + 5<€7 ¢n>;

<h€7 ¢n> = <h7 ¢n> + 5<£7 ¢n>n (36)

véi n = 1, N trong d6 N 1a s6 he s6 Fourier dugc quan sat va ¢, (z) =

2 sin(nx).

5

Noi dung chii yéu ctia chuong ba gom ba phan. Trong tiéu muc 3.2, ching
toi sé tim dang nghiém cua bai toan va dwa ra vi du minh hoa cho tinh
khong chinh ctia bai toan. Trong tiéu muc 3.3, ching tdi chinh héa bai
toan bang phuong phap chit cut Fourier va dua ra cac danh gia ky vong
clia sai s gitta nghiém chinh héa va nghiém chinh x4c trén cac khong gian
ham khéc nhau. Trong tiéu muc 3.4, ching toi dua ra mot vi du minh hoa
cho phan 1y thuyét.

Két qua ciia chuong 3 da dugc cong bo trong bai bao

[A2] Huy Nguyen Quang, Phong Luu Hong, Quan Pham Hoang, Triet
Le Minh, A backward problem for the nonlinear fractional Helmholtz equa-
tion with Gaussian white noise on the measurement, Journal of Integral

Equations and Applications, Volume 37(2025), pages 361-376.
3.2 Dang nghiém ctia bai toan (3.1) - (3.4)

Trong chuong nay, ching toi sit dung mot so6 gia thiét sau

(H4): Cac ham s6 g va h thuoc L2(0, 7).
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(H5): Ham nguon f : [0, 7] X [0,1] x R — R thoéa man

‘f(xayau) o f(ﬂ?,y,U” < K‘U_UL

v6i K > 0 doc lap véi =, y, u,v .
Trong dinh ly 3.1 sau, ching t6i tim dang nghiém cia bai toan (3.1) -
(3.4)

Dinh 1y 3.1. Gid s cic gia thiét (H]) - (H5) dugc théa. Néu bai todn
(3.1) - (8.4) c6 nghiém trong C([0,1]; L?>(0, 7)) thi nghiém ciia bai todn

duoc cho bdi

u(z,y) = Z [gn cosh((1 —y)m,,) — hnsmh((lm_n y)mn)
. / sinh((sm—n y)mn) Falw)()ds] g (), (3.7)
trong do

On () = \/gsin(nx), my = /n? 4 n2 — k2,
In =gs n) » hy = (hy dn) s fu(u)(s) = (f(,5,u(.,5)), dn) -
Trong phan tiép theo, chiing toi sé duwa ra mot vi du dé minh hoa cho
tinh khong chinh ctia bai toan (3.1) - (3.4) v6i dit lieu théa man mo hinh
nhiéu trang Gauss (3.5).
Trong phan tiép theo, ching toi sé trinh bay mot phuong phap chinh hoa

cho bai toan.

3.3 Phuong phap chinh héa chat cut Fourier cho
bai toan (3.1)-(3.4)

Dé hé tro cho viéc chitng minh cac dinh 1y chinh, ching t6i can st dung

cac bo de sau
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B6 dé 3.2. Choe € (0,1), s > 0 va g, h € H*(0,7). Cho IN () hve) €

L*(Q; L*(0, 7)) nhu dudi day

=

(e

gN(g)( ) <g€7¢n>¢n< )

3
—_

=

3

hN(e)(x) (e, Pn)Pn(T).

1

n

Khi do, ta co

E ||lgve) — 9] < 2N (e) +

1 2
W 91 Hs(0,7) )

E|hye — hl|* < 2N(e) +

b
(N(e))*

9] day N phu thudc € va théa man lin% N(e) = +o0.
e—

Ta thay rang cac s6 hang cosh((1 — y)m,) va

_ sinh((1 —y)my,)

mp

(3.8)

tang rat

nhanh khi n da 16n. Do dé ching 14 nguyén nhan gay ra tinh khong on

dinh nghiém ctia bai toan ban dau. Vi thé, dé xay dung nghiém xap xi 6n

dinh cua bai toan, ching t6i st dung phuong phap chat cut Fourier nhu

duéi day

sinh((1 —y)m

Z [COSh )M ) (N (o) )n — o
/yl sinh((sn; y)mn)fn(uf\,(g))(s)dg} bn (),

+

trong d6 By () la mot s6 nguyén duong thoa méan hr% By =
£—

(3.9)

Dinh 1y 3.3. Gid st rang cac gid thiét (Hf) - (H5) dugc théa. Cho N(g),
gN(e)s ey nhu trong Bo6 dé 3.2. Khi dé phuong trinh tich phan (3.9) co

nghiém duy nhat u?v(g) eV.
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Tiép theo, ching toi dua ra cac danh gia ky vong clia sai s6 gitta nghiém

chinh héa v nghiém chinh xac dudi cac dieu kién khac nhau.

Dinh ly 3.4. Gid st rang cdic gid thiét (Hj) - (H5) duoc théa man. Cho
N(€), gn (), hn(e) nhu trong Bo dé 3.2. Gid st ton tai s > 0, My > 0 sao
wsom) < M va |[h]

cho |||

Mo (0,m) = M. Gid st u la nghiém chinh xdc
cia bai todn (3.1) - (3.4) va ufv(e) la nghiém chinh héa tuong dng vdi cac

dit lieu nhiéu gN(e) Va hN(g).

i) Néu vdi moi q > 0, ton tai Q1 > 0 sao cho
Zn2q62ym"\un(y)|2 <@, Yyelo,1], (3.10)
n=1

thi vdi moiy € [0,1], ta co

2 2 2s(14y 1 _2q 2sy
E sy (o y) =l p)|| < 4dpet 00 (e” 4 (m (g)> s”) ,
(3.11)
trong do My = max {3(1 + M3), Q12¢ (%)2(1}.
i) Néu vdi moir > 0, ton tai Qs > 0 sao cho
D eIy, ()P < @y, Yy €[0,1], (3.12)
n=1

thi vdi moi y € [0,1], ta o

2s(14y) 2sr

2 2
U?v(s)(wy) — u(,y)H < 4AMyeP K 0Y) <5 254l 4 €2s+1> , (3.13)

‘|

trong dé Mz = max{3(1 + M?), Q-}.

Dinh 1y 3.5. Gid st cic gid thiét (H4) - (H5) duge théa. Cho N(€), gn(e),
hn(e) nhu trong Bo dé 3.2. Gid si ring ton tai s > 0,M; > 0 sao cho
HgHHS(O,W) < M, va ||h]

He(0,7) < M;. Gid st w la nghiém chinh zac cia bai
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todn (3.1) - (3.4) va Uy (o) la nghiem chinh hoa tuong ing vdi cic di lieu

nhiéu gn () v hy(e). Néu dieu kien (3.12) duge théa thy vdi moiy € [0, 1],

2
E ‘ U’?V(ﬁ)() y) - ’U,(., y)’ Ha(0,7)
S 1 2 5 q 3K2(1_ ) 2s(14+y) V2sr V2sr
< M4 In{ - + k |:6 ) (5 2s+1 625+1> + €2S+1],
25+ 1 €

(3.14)

/ 1
trong dé My = -1 Inax {12(1 + M}),4Q-}.

3.4 Vi du minh hoa

Trong phan nay, ching t6i xét bai toan tim ham s6 u(x,y) théa man bai

toan
Au(z,y) — (=A)"u(z,y) + L.95u(z,y) = f(z,y,u), (z,y) € (0,m)x[0,1],
u(0,y) =u(m,y) =0, ye€l0,1],
u(z,1) =g(x), =€ (0,m),
uy(x7 1) - h(ﬂf), YIS (077‘_)7
(3.15)
trong d6 a = — va
31
—642a%y?(04=1) _1.05) cos(y%) sin(z
Fayu) = L) ety ) sinl)
640 (64 — 1 64a—2 L3 64a\ o3
_ Sta(ota = )y sny )snte)
1
g(x) = gcos(l) sin(z),
64
h(z) = —gasin(l) sin(z).
Nghiém chinh xéc ctia bai toan (3.15) la
1
Uezact(T,Y) = 3 cos(y%1) sin(z).

Ta chon céc tham sé chinh héa 1a
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N = [N()] = [}, By = [Bi) = J - ((%m G))Q + 1.95)

Xét dit lieu nhiéu
1 N
gn(z) = gcos(l) sin(z) + ¢ Z (&, On)On(T),
n=1

() =~ Srasin(1) sin(e) + < D (€ 60)6 (),

trong d6 ¢, () = \/gsin(nx) va (€, ¢,) 1a cac bién ngau nhién c¢6 phan
phoi Gauss véi trung binh bang 0 v& phuong sai bang 1.

Trong phan mém MATLAB, dé khéi tao bo s6 ngau nhién c6 phan phoi
chuan, ta st dung ham randn(.).

T (3.9), ta c6 nghiém chinh héa théa man

By

uy(z,y) = Z [cosh((l —Y)M) (N )n — sinh((lm—n y)rn) (hn)n
+ [ RO ) s o)

trong do

m, = V/n2+ n2 —1.95,

(9N )n = (9N Pn),
(hw)n = (hiv, én),
fuuy)(s) = (f(; 8, un (., 8)), ).
Bay gid, ta chia nhé doan [0,1] thanh 10 doan con bdi 11 diém
g ="gd = 1,210
Dt 1an luot € = 0.1, = 0.01,¢ = 0.001.
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Cho céac gia tri khac nhau ctia €, ching t6i tinh toan ky vong cua sai
s6 gitta nghiem chinh héa va nghiém chinh xac tai thoi diém y;, ky hiéu
béi E |Jusy (-, 4;) — Uezact (-, y;)||”. Dé lam duge viee nay, ching toi lap mot
mau théng ké véi kich ¢ mau la M = 100. Cu thé, § lan mo phéng thi
k (k= 1,2,..100), ky hieu uy,(.,y;) la nghiém xap xi clia Uezqct(-; ¥j)-
V6i mdi gié tri clia €, dé tinh toan uy (., y;), ching toi sit dung phép lap
Picard thoa méan

fuao(x,yj) :OB, .
4 uqu(xwyj) - i:v {COsh((l — yj)mn)(gN)n _ 2 ((1ﬂ;nyj)mn)

- S B s ) (5)d ),

L Yj

(hN)n

véig=1,2,3,...
Phép lap dugce thuc hién va dung lai tai gy khi

2 —
Huc‘?,QO('?yj) _ u€,qO—1(7yJ)H S ].O 5

Bay giv, ta chon wu., de xap xi ufy, vd tinh k¥ vong cla sai s6 gitta

nghiém chinh hoa va nghiem chinh xac tai thoi diem y;,7 = 1,2,...11

E € ) . 2 i =
) = eI e (5
k=1

2
u?\ﬂk(?yj) - uexact(-,Qj)H ) .

Két qua tinh toan ctia ching toi dude mo ta trong Bang 3.1 dudi day.
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2
E Huf\,(, y) - uexact('v y)“

Y, € e=0.1 e =0.01 e = 0.001

y=0 3.5015e — 01 3.4985e — 01 3.4981e — 01
y=0.1 3.0594e — 01 3.0375e — 01 3.0350e — 01
y=0.2 25604e — 01 2.5175e¢ — 01 2.5131e — 01
y=0.3 1.9912e — 01 1.9264e — 01 1.9203e — 01
y=0.4 1.4316e — 01 1.3447e — 01 1.3375e — 01
y=0.5 9.2952¢ — 02 8.2124e — 02 8.1378e — 02
y=0.6 5.4837e —02 4.1924e — 02 4.1231e — 02
y=0.7 3.1304e — 02 1.6261e — 02 1.5696e — 02
y=0.8 2.1468¢ — 02 4.0042e — 03 3.6017¢ — 03
y=0.9 21099 — 02 5.1801e — 04 2.5170e — 04

Bang 3.1. Ky vong clia binh phuong sai s6 gitta nghiém chinh héa u5(., y)
va nghiém chinh Xac¢ Uezqet (., y) tuong ting véi e = 0.1,0.01,0.001 va M =
100.
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KET LUAN VA KIEN NGHI

Trong chuong 2, chung t6i da khao sat chinh hoéa cho bai toan ngugc
cho phuong trinh parabolic phi tuyén véi dit liéu nhiéu trang Gauss. Bang
cach sit dung phuong phap chat cut Fourier, chiing téi da thuyc hién viec
danh gia sai s6 gitta nghiém chinh héa va nghiém chinh xac véi cac diéu
kien khac nhau trén nghiém chinh xac. Danh gia sai s6 c¢6 toc do hai tu
dang logarit ho#ac dang Holder. Hon nita, ching to6i con dua ra vi du sb
minh hoa cho phan 1y thuyét.

Trong chuong 3, ching toi da khao sat chinh héa cho bai todn ngugce
cho phuong trinh Helmholtz phi tuyén véi dit lieu nhiéu trang Gauss. Véi
cac dieu kien khac nhau trén nghiém chinh xéc, ching t6i da duwa ra cac
danh gia sai s6 gitta nghiém chinh héa va nghiém chinh xac bang cach sit
dung phuong phap chit cut Fourier. Danh gia sai so6 ¢6 toc do hoi tu dang
logarit ho#ic dang Holder. Hon nita, ching t6i con dua ra vi du s6 minh
hoa cho phan 1y thuyét.

Két qua cta luan an da dudc cong bo trong hai bai bao thuodc tap chi
Wos/Scopus.

Trong thoi gian téi, chung t6i sé khao sat cac bai toan ngugc cho
phuong trinh parabolic phi tuyén va phuong trinh Helmholtz phi tuyén
trong truong hop hé sé phi tuyén va trong trudng hop ham nguon thoéa

diéu kién Lipschitz dia phuong.
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